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Abstract Tsunami ﬂow coupled with the geomagnetic ﬁeld generates electric currents and associated
magnetic ﬁelds. Although electromagnetic (EM) tsunami signals can be used for analysis and even
forecasting tsunami propagation, the dynamically self-consistent effect of shoaling water depth on the
fluid + electrodynamics has not been adequately clariﬁed. In this study, we classify tsunami EMphenomena into
three cases based on the ocean depth and ﬁnd that the deeper ocean results in stronger self-induction due to
the increase in both tsunami phase velocity and ocean conductance. In this deep-ocean case, the phase lead
of the vertical magnetic variation relative to the sea surface elevation is smaller, while an initial rise in the
horizontalmagnetic component becomes observable prior to tsunami arrival. Furthermore, we conﬁrm that the
enhancement of tsunami height in shallower oceans shifts the ocean depth supplying maximum amplitudes
of tsunami magnetic ﬁelds from approximately 2.0 km to 1.5 km.
1. Introduction
Electrically conductive seawatermoving in the geomagneticmain ﬁeld generates electric currents and secondary
magnetic ﬁelds. Since Toh et al. [2011] ﬁrst reported tsunami signals identiﬁed in seaﬂoor electromagnetic (EM)
observations, an increasing number of EM data associatedwith tsunamis have been reported. Most of these were
obtained at the seaﬂoor at the time of the recent extreme tsunamis, i.e., the 2010 Chile and the 2011 Tohoku
earthquake tsunamis [e.g., Sugioka et al., 2014; Zhang et al., 2014a]. Tsunami-generated EM (TGEM) signals can
be used not only to analyze tsunami events but also to predict real-time tsunami propagations. Of particular
importance for hazard mitigation are the TGEM ﬁelds associated with the leading part of the tsunami wave,
hereafter referred to as the “ﬁrst arrivals.” Although previous analytical solutions in the frequency domain are
applicable to TGEM phenomena [e.g., Larsen, 1971; Tyler, 2005; Ichihara et al., 2013], we do not have a general
insight into EM variations at the seaﬂoor associated with ﬁrst arrivals of destructive tsunamis, because (1) the
ﬁrst arrivals are inherently transient and difﬁcult to study in the frequency domain and (2) the effect of the
ocean depth on TGEM ﬁelds has never been discussed in detail. For speciﬁc TGEM events, three-dimensional (3-D)
time-domain simulations may address these issues by following the recent developments in TGEM simulation
techniques [e.g., Zhang et al., 2014b]. However, it will also be possible to understand basic characteristics of
TGEM ﬁelds associated with tsunami ﬁrst arrivals by combining analytical solutions in the frequency domain
and two-dimensional (2-D) numerical experiments in the time-domain [Minami and Toh, 2013].
In this paper, we provide a new insight into the TGEM ﬁelds associated with tsunami ﬁrst arrivals in terms of
the ocean depth that strongly controls the TGEM phenomena. In the following, we ﬁrst classify TGEM ﬁelds
into three fundamental cases with the aid of analytical solutions of TGEM ﬁelds. Second, we investigate
EM ﬁelds associated with tsunami ﬁrst arrivals, using 2-D time-domain numerical simulations with solitary
waves propagating over a ﬂat seaﬂoor. Finally, we examine how TGEM ﬁelds are caused by tsunamis when
propagating through different ocean depths.
2. Theory: Classiﬁcation Based On the Ocean Depth
Many researchers have derived theoretical expressions applicable to TGEM ﬁelds. For instance, Larsen [1971]
derived a detailed relationship between intermediate/long waves and EM ﬁelds assuming a realistic 1-D
conductivity structure beneath the seaﬂoor, while Tyler [2005] derived a simpler expression applying the
long-wave dispersion relationship and assuming half-space insulator on both sides of the ocean layer.






• Tsunami-generated magnetic ﬁelds
are strongly controlled by the
ocean depth
• Magnetic tsunami signals become
largest around an ocean depth
of 1.5 km
• Magnetic ﬁelds observable prior to
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Recently, Ichihara et al. [2013] derived an analytical solution assuming long waves and a homogeneous
half-space conductor beneath the seaﬂoor. In order to introduce a new way to classify TGEM ﬁelds, here we
derive a new analytical solution of TGEM ﬁelds, assuming a linear dispersive tsunami. The governing equation
of TGEM ﬁelds adopted here is the induction equation in terms of the tsunami-generated vertical magnetic
component (bz) for only vertically variable conductivity (σ = σ(z)):
∂bz
∂t
¼ ∇  FzuHð Þ þ K∇2bz: (1)
Here u= (uH, uz) is the oceanic velocity vector and F= (FH, Fz) is the vector of the geomagnetic main ﬁeld,
where the subscript H and z denote the horizontal vector and the vertical component, respectively. K= (μσ) 1
is the magnetic diffusivity, where μ is the magnetic permeability. In equation (1), we have already decomposed
the magnetic ﬁeld B=F+b into the steady main ﬁeld part F and the tsunami-generated part b and assumed
that |b|≪ |F|, ∇2F=0, ∇×F=0, and |FzuH|≫ |FHuz|. If we adopt a linear dispersive wave (LDW) over a constant
ocean depth (z=0 and z= h correspond to the sea surface and the seaﬂoor, respectively), a homogeneous
conductivity inside the ocean layer (σ), and a homogeneous half-space conductor beneath the seaﬂoor (σe), we
can solve equation (1) by assuming both bz and FzuH∝ ei(k  x ωt), where x is the horizontal position vector,
while ω and k are the angular frequency and the horizontal wave number vector of the tsunami in concern,
respectively. It follows a relationship between bz and the sea surface elevation (η) as
bz
Fz
¼ CLDW ω; h; σ; σeð Þ kηsinh khð Þ  z ¼ hð Þ: (2)
Here CLDW is a complex transfer function (see supporting information for details of CLDW). If we further
assume that (1) the tsunami can be approximated by linear nondispersive (long) waves, namely, kh≪ 1, (2)
the skin depth of seawater,δ ¼ ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ2K=ωp , is much larger than the ocean depth, h, and (3) σe= 0 S/m, we can








 z ¼ hð Þ : (3)




is the phase velocity of the long-wave tsunami, and
cd (=2K/h) is the lateral magnetic diffusion velocity, where g is the gravitational acceleration. It has been found
that equation (3) is still applicable to real TGEM signals observed at deep oceans [e.g., Ichihara et al., 2013].
From equations (2) and (3), we can calculate the phase lead of bz/Fz against η,
θ ¼ arg bz=Fz 1=ηð Þ: (4)
For equation (3), θ is reduced to tan 1(cd/c). When θ = 90°, the bz/Fz variation precedes η by one quarter of a
period since we assumed bz, η∝ e iωt and Fz to be a real number (steady), while bz/Fz is in phase with η
when θ = 0°.
Now we further investigate the dependence of TGEM ﬁelds on the ocean depth by utilizing equations (2)–(4).
For the most general applicability, the dependence in forms of nondimensional parameters is sought.
Using equations (2) and (3), we calculated the dependence of θ and |bz/Fz  L/η| on the dimensionless ocean




, such that c/cd= (h/L)
3/2.
Assuming (g, μ, σ) = (9.8 m/s2, 4π × 10 7 H/m, 4.0 S/m), we obtain L≈ 2.53 km. Figure 1 clearly shows that
TGEM phenomena strongly depend on the ocean depth. The dependence can be understood by effects of the
magnetic diffusion and the self-induction. In the magnetic induction equation, ∂B/∂t =∇× (v×B)∇× (K∇×B),
the scaling amplitude of the self-induction term, ∂B/∂t, is determined by that of the diffusion term, ∇× (K∇×B),
when normalized by the amplitude of the source term, ∇× (v×B). For a homogeneous conductivity in the
ocean, the scaling amplitude of the diffusion term is given by
∇ K∇Bð Þ ¼ K∇2BeK 1h2 þ 1λ2
 
Bj je Kh2 Bj j; (5)
since the tsunami wavelength (λ~100 km) is usuallymuch larger than the ocean depth (h< 10 km). Equation (5)
means that as h increases, the inﬂuence of the diffusion term attenuates, while the self-induction term, ∂B/∂t,
must become larger to balance the source term.
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Here we deﬁne three fundamental cases for TGEM ﬁelds, “Diffusion dominant case,” “Intermediate case,” and
“Self-induction dominant case,” assigning 0 to 20 and 70 to 90° phase leads to “Self-induction” and “Diffusion
dominant case,” respectively. Under this deﬁnition, dimensionless ocean depths (h/L) smaller than approximately
0.5 corresponds to the Diffusion dominant case, and those larger than approximately 2.0 to the Self-induction
dominant case (see Figure 1a). Using this classiﬁcation, we can characterize response curves in Figure 1b by
functions which have peaks in the Intermediate case, and asymptote y= (h/L)1/2 and y= (h/L) 1 in the Diffusion
dominant case and Self-induction dominant case, respectively.
In order to understand these characteristics in Figure 1b, we now rewrite equation (3) as





iQ ¼ 0dz z ¼ hð Þ;
where










Here iQ = 0(=σFzcη/h) is the electric current density related to the source electromotive force, and Q(=c/cd) is
hereafter referred to as the self-induction parameter whose magnitude relative to unity is a measure of the
importance of the self-induction. Note that Q in equation (6) is equivalent to the Q value for a resistor-inductor
circuit, Q≡ i(iQ = 0 inet)/inet, where inet is the net electric current density, which is easily proved by using the
expressions for TGEM ﬁelds, iQ = 0 = σFz cη/h and inet = iσcdbz. Equation (6) indicates that bz is controlled by
the two competing terms: the conversion efﬁciency related to the self-induction, 1/(Q+ i), and the vertically
integrated source current density, ∫
0
hiQ ¼ 0dz, where the magnitude of the former decreases monotonically
with the ocean depth, while that of the latter increases. Now we can interpret the features found in Figure 1b
using equation (6). In the Diffusion dominant case (h/L< 0.5), insigniﬁcant self-induction, Q≪ 1, leads to




the ocean depth. In the Intermediate case (0.5< h/L< 2); however, the effect of the self-induction becomes
comparable to that of the diffusion, viz., Q~1. In this case, the decrease rate of |1/(Q+ i)| exceeds the
increase rate of ∫
0
hiQ ¼ 0dz
			 			 as the ocean depth increases, which results in the peaks of |bzL/Fzη| around
h=L ¼ 213 e 0:7937, viz., Q ¼ 1= ﬃﬃﬃ2p , which means h≈ 2.0 km when L=2.53 km. In the Self-induction
dominant case (2< h/L), the self-induction becomesmuchmore important than the diffusion, viz., 1≪Q, which
leads to 1/(Q+ i) ~Q 1∝ h 3/2 so that θ ~0° and |bzL/Fzη|∝ h 3/2  h1/2 =h 1.
Figure 1. The phase lead of bz/Fz relative to (a) the sea surface elevation (η), θ, and (b) the dimensionless amplitude |bz/Fz  L/η|,
as functions of the dimensionless ocean depth, h/L. The Self-induction dominant and Diffusion dominant cases were deﬁned
for the depths which provide θ ≤ 20 ° and 70 ° ≤ θ, respectively. The red line was calculated using equation (3), while the
others with keys of “LDW (σe, T)” were calculated using equation (2). σe and T are the homogeneous half-space conductivity





, and asymptotes y ¼ ﬃﬃﬃﬃﬃﬃﬃh=Lp and y= (h/L) 1 in the Diffusion dominant case and Self-induction dominant case,
respectively. In the LDWproﬁles of Figures 1a and 1b, we adopted (g, μ, σ) = (9.8 m/s2, 4π ×10 7 H/m, 4.0 S/m), thereby Lwas
ﬁxed approximately to 2.53 km.
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Since the features in Figure 1b was explained by equation (6), here we consider how the ocean depth physically





Originally, c appeared as the phase velocity of the source oceanic ﬂow, ω/k, in the derivation of equation (3).





velocity of tsunamis become faster with increasing ocean depth, which causes the stronger self-induction effect
due to more rapid changes of the magnetic ﬁelds. Hence, the contribution of c stems from the hydrodynamic
property of tsunamis alone. Second, we investigate the contribution of cd. Although there could be several
possible interpretations, one of the reasonable explanations for cd is that cd=2K/h=2/μ/(σh) reﬂects the effect
of the conductance of the ocean, τ ≡ σh. As τ increases with the ocean depth, the magnetic diffusion is more
weakened relative to the self-induction current. We can regard cd as the efﬁciency of the EM diffusion. Hence,
we can conclude that the magnitude of the self-induction, i.e., Q= c/cd, increases with the ocean depth, due to
the growth of the tsunami phase velocity (increase in c) and that of the conductance of the ocean layer
(decrease in cd). In the following section, we explain how tsunamis generate EM ﬁelds in the three cases
described in this section.
3. Numerical Experiments Using 2-D Solitary Waves
We conducted 2-D simulations using solitary plane waves in order to investigate how EM ﬁelds are generated by
tsunami ﬁrst arrivals in the three fundamental cases. We adopted a 2-D time-domain TGEM simulation technique
developed by Minami and Toh [2013] to solve equation (1) numerically. Although the method can deal with
any tsunami ﬂows, we prescribed a solitary wavewith a Gaussianwaveformpropagating only in the y direction for
simplicity, whose waveform and the corresponding seawater velocity can be expressed under the long-wave
approximation as





uy ¼ c Ah exp 




Here c ¼ ﬃﬃﬃﬃﬃghp is the tsunami phase velocity, while h, A, and χ are the ocean depth, the height of the solitary
wave, and the horizontal scale length of the tsunami dynamic ﬁeld. We set bz to zero at the boundaries
(the Dirichlet-type condition), approximately 104 km far from the center grid. The other ﬁelds, by and ex, were
calculated from the obtained bz, using the relations ∇ b= 0 and ∇× e= ∂b/∂t. In our numerical simulations,
we adopted a homogeneous half-space conductor of 0.01 S/m beneath the seaﬂoor and set Fz, σ, A, and χ to
35,000 nT, 4.0 S/m, 1.0m, and 20 km, respectively. Here we also assumed that Fz is both vertically and
horizontally constant.
Figure 2 shows the simulation results corresponding to the three fundamental cases, which can be
interpreted physically as shown in Figure 3.
3.1. Diffusion Dominant Case
The TGEM phenomenon shown in Figure 2 (left) corresponds to Diffusion dominant case (h/L< 0.5). When the
ocean depth is shallow enough, the diffusion term becomes comparable to the source term, which leads to
0 ≈ ∇ vFð Þ þ K∇2B: (9)
Since the self-induction term is almost negligible, observable magnetic ﬁelds are almost the same as those
generated by the source current, σ(v× F). Figure 3 (left) shows Diffusion dominant case as well. The peaks of the
downward and upward magnetic components appear almost 90° ahead of and behind the peak of the sea
surface elevation, respectively.
3.2. Intermediate Case
Contribution of the self-induction term, ∂B/∂t, increases with the ocean depth and generates large enough
induced electric ﬁeld, ex, through Faraday’s Law of induction. TGEM phenomenon where both diffusion and
self-induction terms are signiﬁcant can be referred to Intermediate case (0.5< h/L< 2.0). Figures 2 (middle)
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and 3 (middle) correspond to this case. The increased self-induction generates ex opposite to v × F and
ahead of the solitary wave, which causes not only a delay in phase but also attenuation in amplitude of bz and
by compared to those generated by v × F. However, it is noticeable that ex opposite to v × F produces an
initial rise in by in front of the tsunami, which is not present in Diffusion dominant case. This initial rise in by
might be applied to tsunami early warning, because it precedes all the other peaks of TGEM ﬁelds and the
tsunami arrival itself.
Figure 3. Schematic ﬁgures for the three fundamental cases of TGEM phenomena. In the three ﬁgures, the blue solid and
red dashed arrows in the ocean layer indicate the magnetic ﬁelds generated by v × F and that by ex, respectively. (left) In
the Diffusion dominant case, the self-induction is so weak that the observed magnetic ﬁelds (by, bz) are virtually equivalent
to those generated by v × F. (middle) In the Intermediate case, the self-induction effect generates a strong counter
electric ﬁeld (ex) in front of tsunamis, resulting in phase delay in bz and by. (right) In the Self-induction dominant case, the
increased self-induction enables ex to have almost the same magnitude as that of v × F, which leads to bz nearly in phase
with the sea surface elevation. In both the Intermediate case and Self-induction dominant case, ex opposite to v × F
induces an initial rise in by at the seaﬂoor prior to the tsunami arrival.
Figure 2. EM ﬁelds generated by a rightward propagating solitary tsunami with a Gaussian waveform. Three columns show the results calculated for the three different
ocean depths of (left) 1.0, (middle) 2.5, and (right) 5.5 km from left to right, respectively. In the second to fourth rows of each column, vertical cross sections of bz, by, and ex
+ [v× F]x over z= 10 km to 2 km are drawn from top to bottom, where the sea surface (z= 0 km) and seaﬂoor (z= h km) are depicted by horizontal light blue and
brown lines, respectively. The red and blue colors denote positive and negative values of each EM component, respectively. Proﬁles of the EM components on the seaﬂoor
are also drawn by black solid lines at z= 5.5 km. The vertical black line corresponds to the center of the Gaussian waveform, where the inducing v× F ﬁeld is strongest.
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3.3. Self-Induction Dominant Case
Figure 2 (right) shows the results
for the deepest ocean depth of 5.5 km
(h/L≈ 2.17). When the ocean is deep
enough (2.0< h/L), we refer to the
TGEM phenomenon as Self-induction
dominant case, since the diffusion term
becomes much smaller than the
self-induction term. In this case, the
self-induction term alone nearly
balances the source term, namely,
the frozen-ﬂux approximation holds
∂B
∂t
≈ ∇ vBð Þ: (10)
Figure 3 (right) shows a schematic ﬁgure
for this case. The strong self-induction
induces ex slightly ahead of the tsunami
center with as large magnitude as
v × F, which makes both the total
electric ﬁeld (ex+ [v× F]x) and
amplitudes of bz and by much smaller
than those expected without the self-
induction. However, these magnetic
components are still observable on the
seaﬂoor as reported by Toh et al. [2011]. The bz variation is almost in phase with the sea surface elevation, viz.,
θ ~0°, because the phase delay in bz becomes approximately 90° compared with Diffusion dominant case. The
initial rise in by recognized in Intermediate case still resides in front of the tsunami even in this case. The by
variation prior to the tsunami arrival reported by Minami and Toh [2013] can be interpreted as an initial rise in
Self-induction dominant case.
Throughout the three cases, we found that the leading variations in bz are always negative, which stems
from the upward positive deﬁnition of bz and Fz, and the negative value of Fz( =  35, 000 nT). Irrespective of
the deﬁnition, however, one can generally understand that bz starts to vary in the same direction as the
vertical geomagnetic component, Fz, prior to the arrival of the solitary wave with rightward particle motion.
In our calculations, we adopted Fz= 35, 000 nT as a typical value at a mean latitude in the Northern
Hemisphere. However, the results can be applied to all latitudes (except right at the magnetic equator where
the approximations involved in equation (1) break down), with only some changes in the amplitude of bz,
which is proportional to |Fz| as anticipated by equations (2) and (3).
4. Effects of Ocean Depth Change on Tsunami Propagation
In the above investigation of the dependence of TGEM ﬁelds on the ocean depth, the tsunami height was
kept constant. Here we revisit the amplitude problem of TGEM ﬁelds for variable ocean depth, applying the
concept of the conservation of hydrodynamic energy ﬂux of each tsunami. It is known, to ﬁrst approximation,
that the energy ﬂux of tsunamis is preserved during propagation at any ocean depths. Assuming a long
plane wave with an amplitude of |η| over an ocean depth of h, the energy ﬂux of tsunamis is expressed as a
product of the phase velocity and its wavelength-averaged dynamic energy,
ﬃﬃﬃﬃﬃ
gh
p  1=2ð Þρg ηj j2, where ρ is
the seawater density. The conservation of this energy ﬂux leads to the following relationship between the
tsunami height and the ocean depth:
ηj j ¼ h0=hð Þ
1
4 η0j j: (11)
Here h0 and |η0| are the ocean depth and the tsunami height at a reference point, respectively. Equation (11)
is valid independent of tsunami propagation process between the two constant ocean depths, h0 and h,
Figure 4. Amplitudes of bz=Fz L5=4= η0h1=40
 
as a function of the
dimensionless ocean depth (h/L). The upper right inset indicates
conﬁgurations of the two cases, h< h0 and h0< h. All the LDW lines are
calculated for the same parameters as Figure 1. The vertical dashed black
line h=L ¼ 213
 
indicates the peak location of the red line in Figure 1b. The





The red solid line also asymptotes y= (h/L)1/4 and y= (h/L) 5/4 in the
Diffusion dominant case and Self-induction dominant case, respectively.
Note that all the proﬁles in Figure 4 approach the origin as h/L→ 0.
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unless the tsunami loses its dynamic energy due to, for instance, reﬂection. Substituting equation (11) into
equations (2) and (3) yields new functions of |bz| in terms of the ocean depth. As for equation (6), the source
current term, ∫
0
hiQ ¼ 0dz ∝ h
1=2, is replaced by
∫
0











Figure 4 shows the dependence of dimensionless amplitude, bz=Fz L5=4= η0h1=40
 			 			, on the dimensionless
ocean depth, h/L, calculated by equations (2) and (3) with equation (11). For comparison, the peak location of
the red solid line in Figure 1b h=L ¼ 213
 
is depicted as a black dashed line in Figure 4. We can see that the peak
of the red solid line in Figure 4 is located at a shallower depth than that in Figure 1b, which is due to tsunami
height enhancement in shallow oceans. The peak of the red line in Figure 4 is located ath=L ¼ 513≈0:5848, viz.,




, which corresponds to h≈ 1.5 kmwhen we assume L=2.53 km. In the Diffusion dominant
case, the red line asymptotes at y= (h/L)1/4 because 1/(Q+ i) ~ i and ∫
0
hiQ ¼ 0dz∝h
1=4, while it asymptotes





5. Discussions and Summary
In this paper, we provide a classiﬁcation of TGEM phenomena into three cases based on the ocean depth.
From shallow to deep ocean depths, they are the Diffusion dominant case, Intermediate case, and Self-
induction dominant case. Using this classiﬁcation, it was shown that the self-induction is stronger with
increasing ocean depths, the phase lead of bz to η is smaller in deeper oceans, and the amplitudes of the
TGEM ﬁelds are largest in the Intermediate case (see Figure 1). Furthermore, our numerical simulations
showed that the bz variation is observed prior to tsunami arrivals in the Diffusion dominant case, while an
initial rise in by precedes all the other EM signals in the Intermediate case and Self-induction dominant case
(see Figures 2 and 3).
In section 4, we investigated the dynamically consistent effects of ocean depth change on TGEM ﬁelds. As a
result, it was found that Figure 4 is a more accurate description of real phenomena than Figure 1b. It is
noteworthy that 2-D TGEM ﬁelds are likely to have largest amplitudes not at coastlines but offshore, or
around h=L ¼ 513, viz., for an ocean of h≈ 1.5 km and σ = 4.0 S/m, while tsunami wave heights usually
become highest at coastlines. At an ocean depth of approximately 1.5 km, where the amplitudes of TGEM
ﬁelds are largest in the course of tsunami propagation, the peak of bz precedes that of η by ~0.18 T (T: tsunami
period), since h=L ¼ 513 corresponds to θ ≈ 66° (see Figure 1a). On the other hand, without the dynamical
effect of ocean depth changes, we havemaximum amplitudes aroundh=Le213, viz., h~2.0 km (see Figure 1b),
where θ ≈ 55° results in bz preceding η by ~ 0.15T (see Figure 1a). When T=30 min, the time lead of bz relative
to η at h=1.5 km, ~5.4min, is only ~1min earlier than that at h=2.0 km, ~4.5min. We, therefore, can
conclude that not only around 1.5 km but also up to 2.0 km deep oceans are good candidates for seaﬂoor EM
observations aimed at tsunami early warning, because ~5min time lead of bz to η allows us early tsunami
detection prior to tsunami arrivals and amplitudes of tsunami magnetic signals are close to peak values.
Although all the analyses in this paper are limited to 2-D conﬁguration, they may be valid in the vicinity of
coastlines where wave fronts tend to face coastlines due to refraction, or for large-scale tsunamis that can be
approximated by plane waves.
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